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Abstract 

By considering particles as smeared objects, we investigate the effects of space noncommutativ- 
ity on the geodesic structure in Schwarzschild-AdS spacetime. By means of a detailed analysis of 
the corresponding effective potentials for particles, we find the possible motions which are allowed 
by the energy levels. Radial and non-radial trajectories are treated and the effects of space non- 
commutativity on the value of the precession of the perihelion are estimated. We show that the 
geodesic structure of this black hole presents new types of motion not allowed by the Schwarzschild 
spacetime. 
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I. INTRODUCTION 



The presence of a vacuum energy (cosmological constant) in theoretical models has been 
considered in relation to unification, such as superstring theory, and to cosmology and 
astrophysics. This has motivated consideration of spherical symmetric spacetimes with non- 
zero vacuum energy in order to study the well-known effects predicted by general relativity 
for planetary orbits and massless particles. This study implies the determination of the 
geodesic structure of spacetimes pj. Timelike geodesies for a positive cosmological constant 
were investigated in |2| using an effective potential method to find the conditions for the 
existence of bound orbits. The analysis of the effective potential for radial null geodesic 
in Reissner-Nordstrom-deSitter and Kerr-deSitter spacetime was realized in [3j and j3]. 
Podolsky [5] investigated all possible geodesic motions for extreme Schwarzschild-de Sitter 
spacetime. Finally, Cruz et.al. [6j made a complete disussion on the geodesic structure of 
Schwarzschild-anti de Sitter (Schw-AdS) black hole. 

On the other hand, gedanken experiments that aim at probing spacetime structure at very 
small distances support the idea that noncommutativity of spacetime is a feature of Planck 
scale physics. It appears to happen that due to gravitational back reaction, one cannot 
test spacetime at Planck scale. Its description as a smooth manifold becomes therefore a 
mathematical assumption no more justified by physics and therefore, it is natural to relax 
this assumption and conceive a more general noncommutative spacetime, where uncertainty 
relations and discretization naturally arise. 

As is well known, noncommutativity is the central mathematical concept expressing un- 
certainty in quantum mechanics, where it applies to any pair of conjugate variables, such as 
position and momentum. Thus, one can easily imagine that position measurements might 
fail to commute and this fact will be described using noncommutativity of spacetime coordi- 
nates. The noncommutativity of spacetime coordinates can be encoded in the commutator 

[x'',x'']=ie>"' (1) 

where e^'^ is a real, antisymmetric and constant tensor, which determines the fundamental 
cell discretization of spacetime (in the same way as the Planck constant h discretizes the 
phase space). In four dimensions and using an adequate choice of coordinates, this tensor 
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can be brought to the form 



(2) 



/ e"^ \ 

-e^ 
-e^ £2 

\ y 

where e is a constant with dimension of length. 

The modifications induced by noncommutativity on the classical orbits of particles in a 
central force potential has been considered by Benczik et al [15j, by Mirza and Dehghani 
|16| and by Romero and Vergara [17J. These investigations let them impose a constraint on 
the minimal observable length and noncommutativity parameter in comparison with obser- 
vational data of Mercury. The stability of planetary orbits of particles in noncommutative 
space has been studied both in central force and Schwarzschild background by Nozari and 
Akhshabi [18] and the Kepler problem in noncommutative Schwarzschild geometry in |19] . 
The purpose of this paper is to investigate these effects on the orbits of a test particle 
in noncommutative Schwarzschild- AdS (NCSchw-AdS) geometry to generalize the geodesic 
structure studied in [B]. 



II. THE NONCOMMUTATIVE SCHWARZSCHILD- ADS BLACK HOLE 

It has been shown that noncommutativity eliminates point-like structures in favor of 
smeared objects in flat spacetime [201 [21]. The effect of smearing can be mathematically 
implemented as a substitution rule: position Dirac-delta function can be replaced everywhere 
with a Gaussian distribution of minimal width e. In this framework, the mass density of a 
static, spherically symmetric, smeared, particle-like gravitational source can be shown by a 
Gaussian profile [22H25] . Solving the Einstein field equations, one can find the metric for a 
static spherically symmetric object with total mass M in a noncommutative spacetime with 
negative cosmological constant A = — as [26] 

ds" = -f (r) dt"" + ^ + r'^dn^ (3) 
where the lapse function is 
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and 7 is the lower incomplete gamma function, 



dtt'/^e-'. (5) 







The horizon equation / (r+) = depends on two parameters, M and L and cannot be 
solved in a closed form. However, we can draw plots to study the occurrence of horizons. In 
order to do it, we will write the lapse function as 

/ (x) = 1 + ^ (6) 



where we have defined x = £, m = and q = j^- In Figure 1 the plot of / (x) show 
that all curves start at / (0) = 1, indicating that the spacetime is regular and therefore 
geodesically complete. The behavior of the curves shows three possibilities, 

1. For m > mo there are two horizons, x_ and x^ (i.e. r_ and ) 

2. For m = mo there is one degenerate horizon, xq (i.e. tq ) 

3. For m < mo there is no horizon. 

The critical value mo depends on e and L and is determined by the conditions 

/W^I^O. (7) 



III. TIMELIKE GEODESICS 

In order to find the geodesies structure of the spacetime described by (|3]), we solve the 
Euler-Lagrange equations for the variational problem associated to this metric [27]. The 
Lagrangian is 

C = -f(r)P + -!— + r^9^ + r\m''eip^ (8) 
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Figure 1. / (x) for different values of m. We notice that there exist three cases, namely two horizons, 
no horizon and one single degenerate horizon. 

where the dots represent the derivative with respect to the affine parameter r, along the 
geodesic. The equations of motion are 

. _ d fdC\ _ dC 
Since C is independient of t and there are two conserved quantities, 

E = -^ = f{r)i (10) 

and 

£ = 5^ = sin^ ^0- (11) 
Meanwhile, the equation of motion for 9 gives 

r'^ sine cose (p'^. (12) 



dT 



Therefore, if we choose the initial condition ^ = | and 9 — 
9 — 0. This means that the motion is confined to the plane 9 — 
of central fields. With this election, the angular momentum is 



0, the last equation gives 
I , which is characteristic 



e = rV (13) 

and the Lagrangian becomes 

^2 ^2 £2 

C=-h^-— + -— + ^, (14) 
/ [r) f (r) r2 

where we shall consider h — 1 ior massive particles and h — for photons. Solving the 
above equation for we obtain the radial equation which allow us to characterize possible 
movements of test particles without and explicit solution of the equation of motion in the 
invariant plane. This is 

r'^E'-f{r)(h+^-l) (15) 



or better 



r'^E'- K'// (16) 

with the effective potential 

ViAr)^(l (17) 

For timelike geodesies, h — 1, the effective potential becomes 



; 4M^(i;i^) 



J.2 \ / P2 



V^fj (r) let us solve the equation of motion for two interesting special cases of massive 
particle orbits, namely radial motion and bound orbits. 



A. Radial Geodesies 



For radial geodesies, ^ = 0, we have 
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Figure 2. The effective potential for radial particles. For figure (a) we use e = 1 and L = 1 while 
figure (b) has e = 1 and L = 10 in arbitrary units. 



Kf ir) = l + ^. (19) 

The behavior of the effective potential is shown in Figure 2. Note that in Figure 2 (a) 
(with L = 1 and M = 1) the particle always moves towards r = 0; but for greater M or 
greater L (i.e. smaller A), the function Vj^j has a minimum. Therefore, for certain values 
of the energy of the particle moving radially, it can not reach r = but is repelled once it 
has approached to within some finite distance. 

In the curve representing V^j-jr, particles always plunge into the horizon from an upper 
distance determined by the constant of motion E. If the particle is release from rest at a 
distance r = rj we have the constant 



4M7 r2 
= (r.) = 1 + (20) 



and the equation of motion can be written as 
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r 



Figure 3. Proper time r as a function of r. The dotted curve corresponds to the Schwarzschild-AdS 
metric while the continuous curve is the noncummutative black hole. In this case = 10. 



AM 



3 . 

7 I 2' 4l2 



which can be integrated as 



M 2 ' 4£2 



1 
Z2 



(21) 



r(r) 



AM 



dr 



(22) 



L2 



to give the proper time experienced by a particle in falhng from to a coordinate radius r. 



Equation (22) is plotted in Figure 3 and show that the particle falls towards the horizon in 



a finite proper time smaller than that corresponding to the Schwarzschild-AdS case. 



B. The Bound Orbits 



In this case ^ 7^ 0, and 
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Figure 4. The effective potential for non-radial particles in the Schwarzschild-AdS metric (dotted 
curve) and non-commutative Schwarzschild-AdS (continuous curve). In figure (a) we set L = 10, 
/ = 1 and £ = 1 while in figure (b) has L = 10, / = 1 and i = 15 in arbitrary units. 




In Figure 4, the effective potential has been plotted for non-radial particles and compared 
to the Schwarzschild-AdS case. Note that for the noncommutative black hole there are always 
two kinds of allowed orbits, depending on the value of the constant E, 

1. li = E^, the particle orbits in a stable circular orbit at r = 

2. If E^ > E^, the particle orbits on a bound orbit in the range rp < r < {rp and 
are the perihelion and aphehon distances, respectively), 

where E^ corresponds to the minimum value of the effective potential, E"^ = '^efflmin' 

In Figure 4 there is a third possibility in Scharzschild-AdS case (dotted curve). When 
_ particle can orbit in an unstable circular orbit. However, this orbit is never 
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allowed for the noncommutative black hole. The divergency of the continuous curve in 
Figure 4 around the origin is a manifestation of the existence of a minimal lenght scale, 
which prevents to probe distances smaller that the fundamental distance e. 



The equation of motion is obtained using equations (13) and (16) and making the change 
1 



of variable u 



giving 



du 



+ 



4Mu 



with 



r7 



2' 462^2 



AM ^ /3 



L2' 



This expression can be rewritten as 



2' 4e2u2 



L2£2^2 



(24) 



(25) 



with 



+ 



4M , /3 



1 



1 



u 



(26) 



(27) 



^2' 452^2; 'V2 452^2 y 12^2^2 

Considering only orbits which possess perihelia, the point of closest approach is given by the 
condition 



du 

de 



fiu)=0 



(28) 



and for the rest of the orbit u is less than its perihelion value. Equation (26) tell us 



that throughout the orbit f (u) > 0. In Figure 5 we show three typical situations in which 
function / (u) has one and three zeros. Figure 5b corresponds to an elliptical orbit with 
u oscillating in the range ua < u < Up {up corresponds to the perihelion while ua is the 
aphelion). On the other hand. Figure 5c shows the special case in which ua = up = Uc and 
the orbit becomes a circle. 

We now differentiate this equation with respect to 6, using the relation 



/3 1 

du^ I 2' 462^2 



g-l/4e2u2 
463^4 ' 



(29) 



to obtain 
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Figure 5. Graphs of the function / (u). In figure (a) we set L = 10, e = 1, £ = 10 and e = 0. Figure 
(b) has L = 10, e = 1, £ = 10 and e = 5 while Figure (c) use L = 10, e = 1, £ = 10 and e = 1.41 



+u 



2M 
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] — 7 
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1 M e-i/^='"' M e"^/^^' 



Approximating the incomplete gamma function for long distances to first order, 



1 



^V2' 452^2; 2 
the differential equation of the orbit gives 



^ 1 



1e 



u 



u 



(30) 



(31) 



M 



+ 3Mm' 



1 



+ 



M 



Zu 1 1/1 1 



(32) 



d^2 ' £2 ' ^2£2^3 

Note that the third term on the right gives the corrections to the orbit due to the cosmo- 
logical constant [6j while the last term gives the corrections due to non-commutative effects. 
For long distances {u — > 0) or small noncommutative scale (e — )• 0), the last term correctly 
tends to zero giving the orbit analyzed in [19| . 
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1. Advance of the Perihelion 



In order to obtain the advance of the perihehon of a planetary orbit we use the method 
given in [28j to compare a keplerian eUipse in Lorentzian coordinates with one in noncommu- 
tative Schwarzschild-AdS coordinates. The relevant relation communicating the two ellipse 
is the constant of Kepler's second law. In Lorentz coordinates the line element is given by 

ds^ = -df + dr^ + {de^ + sin^ ed(f)^). (33) 

The noncommutative Schwarzschild-AdS gravitational field, given by equation (|3|, al- 
low us to find the following transformation of the coordinates, r and t, in the binomial 
approximation 




d<'=(l-y-;7^^-=' + ^l* (36) 



We consider two elliptical orbits, one the classical Kepler orbit in {r,t) space and a 
noncommutative Schwarzschild-AdS orbit in {r',t') space. In the Lorentz space we have 

dA = r rdrd(j), (38) 
Jo 

and hence the Kepler second law 

dA I <)d(j) 

— = -p^-r-. (39) 
dt 2^ dt ^ ^ 

In the noncommutative Schwarzschild-AdS situation, we have 
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dA' = I rdr'd(i). 
'o 



Therefore, using equation (37) the integrand becomes 



(40) 



dA' = I r I IH —e ^ - ] drdcj) 







which can be integrated to obtain 



r ^/^Te 



2L2 



(41) 



dA' 



2 V P 



Hence, using (36), the area law is 



p2 4M6 

H ^ 



AL 



4Me 



(42) 



dA' p2 / 2M p2 4^^^ ^2 4jvf5 



p 4L2 y^p2 



7rp^ 



M 
P 



M 



e + 



2L2 



(43) 



and using again the binomial approximation. 



dA^ 
~cW 



PI 

2 



3M 
1 + + 



2Me 



M 



^/^^e 



e 4i 



1 

Z2 



p2 



2M2 


3p2 


p2 


4L2 


2 


2A'/ 




p3 


(- 


2M 


P 



5Mp 
4L2" 



1 — e 4e2 



4L2 



+ 



4M2 
7rp2 



-e 



e 



+ 



dt 



(44) 
(45) 
(46) 



Applying all of this increasing for a single orbit 



= /o 



27r 



3M 2M2 
1 + + ^ 



+ 



P 

2Me ( 1 



P^ 



M 



3p2 5Mp 
4L2 
2M 



L2 



e 



p^ 

2M 

1 + 



4L2 
1 - 



e 4? 



P 



4L2 



+ 



4M^ 
7rp2 



e 4^2 



e 4e2 



(47) 
(48) 
(49) 



For an ellipse (first approximation to the orbit), we have p 



R 



l+e cos <; 



where e is the 



eccentricity and R is the latus rectum. Applying the binomial approximation, we obtain 
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GirM 47rM2 Svrp^ SvrMp 
' ^ 27r + + — ^ 



P 



2L2 2L2 



AnMe ( \ 2 2M\ / 

1 — e 



■e 3^ 1 + 



2M p2 



4M2 _ p2 , ^ _ . , 
H —e [ I — e \ + .... 

p2 



(50) 
(51) 

(52) 



The classical advance of perihelion is recuperated for zero cosmological constant (i.e. 
L —7- oo) and noncommutative limit (e — )■ 0). The last three terms are the corrections due 
to noncommutative geometry. 

2. Circular motion 



For circular motion in the equatorial plane we have r = rc = constant and so f = f = 0. 



The equation of the orbit ( 32 ) becomes 



_ ^ 



1 M 

+ — e 



+ 



+ 



1 / 1 



e 2uH^ eu^ \ £2 



+ 



and the energy equation (16) is 



(53) 



L2 




The radius of the circular orbit is determined by the condition 



(54) 



dr 



that, using equation (23) and (29), is 



(55) 



4M7 '3- 



2' 4e2 



1 + 



3i' 



•21 



M _ rl 

-e 4^ 



oil 



Tc + 



+ 



2rc 2£2 



The stability of the circular orbit is given by 



(56) 



> 



(57) 
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or 



3. £l 

2' 4£2 



1 + 



6£2 



+ 



M _rl 

-e 



4^2 



H ^ H 

^rl 2^2 ^ 2e2 



Combining equations (56) and (58), we obtain the condition 



2 6£2 
+ — + — > 0. (58) 



L2 



+ 1 



I2M7 



3. 

2' 4e2 



+ 



lore 



2^2 



+ r + 2/ie' 



M 



J 2^e- 



:e~^ > 0. 



(59) 



This is a comphcated relation with no analytical solution for r^. Instead, we have depicted 
the left hand side of this relation in terms of the radius. The result is shown in Figure 6 
and compared with the Schwarzschild spacetime. Note that in commutative Schwarzschild 
geometry, the circular orbits are stable when Tc > QM [29], while in the noncommutative 
Schwarzschild- AdS spacetime the ciruclar orbits are always stable. 



IV. CONCLUSION 

In this paper we have studied the effects of noncommutativity in the orbits of particles in 
Schwarzschild- AdS spacetime. By means of a detailed analysis of the corresponding effective 
potentials for particles, we find all possible motions which are allowed by the energy levels. 
For radial time-like geodesies, there are some bounded trajectories (depending on the exact 
values of the parameters). Therefore particles not always plunges into r = from an upper 
distance. 

For non-radial time-like geodesies, elliptical orbits are allowed as well as circular orbits. 
We also calculated the effect of space noncommutativity on the value of the precession 
of the perihelion, giving an infinity serial including the cosmological constant contribution 
reported in [6j and the noncommutative terms. Although this noncommutative effect is very 
small, it is important since reflect the nature of spacetime structure at quantum gravity level. 
Therefore, the geodesic structure of this black hole presents new types of motion not allowed 
by the Schwarzschild spacetime. Finally, the stability of circular orbits in noncommutative 
Schwarzschild- AdS spacetime is discussed, showing a new behavior when compared with the 
commutative Schwarzchild case. 
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Figure 6. The condition for stability of circular orbits of particles in Schwarzschild spacetime 
(dotted curve) and noncommutative Schwarzschild- AdS (continuous curve). In the commutative 
case the condition for stability is given by r > 6GM. In the noncommutative situation the circular 
orbits are always stable. 

In a forthcoming paper we will discuss the null geodesic structure of the noncommutative 
Schwarzschild-AdS spacetime. 
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